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In this paper we have proved a common fixed point theorem by
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Introduction
Huang and Zhang [5] have introduced by an ordered Banach space, and they established
some fixed piont theorems for contractive type mappings in a normal cone metric space.

The idea of Branciari [3], Azam, Arshad and Beg [2] extended the notion of cone metric
spaces by replacing the triangular inequality by a rectangular inequality. The aim of this
paper is to extend the result of Jaleli and Bessem Samet [6] in such spaces.

Definition 1. If E be a real Banach space and a nonempty set X . Suppose that the
mapping satisfies A
0<d(x,y) forall X,y I X
d(x,y) = O ifand onlyif X = Yy
d(x,y) = d(y,x) forall X,y I X
d(x,y) £ d(x,z) + d(y,z) forall X,y,z I X.
Then distance d is called a cone metric on X and set X with cone metric d is called
cone metric space(X,d).
Definition 2. let X be a nonempty set and E be a real Banach space. Suppose the
mapping d : X’ X ® E satisfies
0£ d(x,y),"x,y 1 X,
d(x,y) = O ifandonlyif X = Y.
d(x,y) = d(y,x) "x,yI X .
d(x,y) £ d(x,w)+ d(w,z)+d(z,y),"x,y I X

and for all distinct point W, Z I X- {X,y} (rectangular property).

Then d is called a cone rectangular metric on X and (X ,d) is called cone rectangular
metric space.
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Lemma 2.1.A sequence {Xn} in cone rectangular metric space X is said to be
convergent if for every C I E with 0<< C thereis n, I N such that

d(x,X) << c foralln > n,.
Lemma 2.2. A sequence {Xn} in cone rectangular metric space X is said to be Cauchy if
for every C I E with 0 << C thereis n, I N such that

d(x,X ) <<C foralln,m >n,.

If every Cauchy sequence in cone rectangular metric space X is convergent then X is
said to be complete cone rectangular metric space.

Forc 1 E with 0 << ¢ thereis n, I N such that for all n,m>n,
d(x,,X.,) << C then {X } is called Cauchy sequence.

A cone rectangular metric space is said to be complete cone rectangular metric space if
every Cauchy sequence in X is convergent.

Theorem 1. Let (X ,d) be a complete cone rectangular metric space P be a normal cone

with normal constant K . Suppose a mapping f : X ® X satisfying contractive
condition

d(fx, fy) £ a %'(X':(‘:dg’ W) 4 dix, fx) + dy, fy) + d(x, )0
(] ! u

where a 1 [0, %) Then

f has a unique fixed point in X

forany X I X, the iterative sequence "X

converges to the fixed point.
Now for X I X we have

d(fx, f ) = d(fx, ffx)

, , i
g JOPOMEX) by + d(ix, 120 + dix, O

g d(x, fx) E
£ 2a g(fx,fzx) +d(x, fx)}é
d(fx, £2) £ —22d(x, fx)

’ 1- 2a

d(f 2, f3) = d(ffx, ff )
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' 2\ (F2y £ 3 !
¢ a SN gy r2pa(r2, 150 + d(tx, 120
5 d(fx,f%) 9

£ a g(fzx,f?’x) +d(fx, £2x) + d(f %, f %) + d(fx, f2x)}é

2a
1- 2a

d(fx, f3x) £ d(fx, f )

)
& 2a 9O

£ ~ d(x, fx
él- 2a g ( )

Thus in general, if N is a positive integer then

& 2a
1- 2a

|-I-1O%

d(f"x, f"*x) £

= d(x, fx)

Q|

d(f"x, f"*x) £ k"d(x, x)

2a

where k = I [0,1) we divide the proof into two case

First case.Let f™x = "X forsomem,n I N, m® n.Letm > n.Then

fT ") = " ie. fPy =y wherep=m- n,y = f"X.Nowsince p> 1
we have

d(y, fy) = d(fPy, f*"y)

d(y, fy) £ kPd(y, fy)
Since k T [0,1) we obtain - d(y,fy) I P and d(y, fy) I P which implies that

1dy, fy)||= Oie fy = y.
Secondcase. Assume that T™x ' f"X forallm,n I N, m ' n. Clearly, we have
d(f"x, f"*x) £ k"d(x, fx)
kn
1- k

£ d(x, fx)

and
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d(F"x, " %) £ a{(f”'lx,f”x)+ d(f“”x,f“*zx)}
£ a(k“' Td(x, fx) + k“”d(x,fx))

£ k"d(x, fx) + k" (x, fx)

n

d(x, fx)
1- k
Now if m > 2 is odd then writingm = 21 + 1, | 3 1 and using the fact that

£

fPx 1 f'% for p,r I N, p' r we can easily show that

d(F"x, f" M%) £ d(f" X, £"%) + d(f" X, £ %) + d(F" 2 I, £+ Ax)

n

1- k
Againif m 3 2 iseventhen writing m = 2| 3 2 and using the same arguments as
before we can get,

d(F™%, 7MY £ d(FM X, M)+ d(F X, £ 3) - eoct d(FM A I, £ )

£

d(x, fx)

£ Kk"d(x, fx) + k"I (x, fx) + x0000000ct k" Ad(x, fx)

kn
d(x, fx
K (x, fx)

Thus combing all the cases we have

£

n

1- K

d(f"x, f""™) £ d(x,fx),"m,n1 N

Hence we get

n

1- Kk

I1d(F"x, £ ™x) || 1d(x, &) ][, "m,n T N

n

1-k

Since K

1d(x, fX)||® 0asn ® ¥

{f"x} is a Cauchy sequence.By the completeness of X thereis X I X such that

f' ® Xasn ® +¥
We shall now show that fX* = X * without any loss of generality, we can assume that
fx*1 x* fx*foranyr I N we have
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d(x*, fx*) £ d(x*, f"" %) + d(f"*x, fx*)

£ d0e, 17+ d(F", 17750 + a (", 7750 + dxs, e}

* * 1 * N ' n n-
d(x*, fx*) £ m{j(x M)+ (1+ a)'d(f"x, f ]x)}

Hence

does tx<fle ———fidoes, 0 [+ @+ a) 11, 50 1} ® 0
1- a

asn® ¥
So we obtain d(fx*,x*) = 0 ie. Xx*= fx *

Now if Y * is another fixed point of f | then

dx*y*) = d(fx*, fy*) £ a fd(x*, fx*) + d(y*, fy*) }= 0

which implies that || d(X*,y*) ||= 0 i.e. x* =y *.
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